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On the Nonlinear Transient Analysis of Planar Steel Frames 
with Semi-Rigid Connections: From Fundamentals to 

Algorithms and Numerical Studies 

Abstract 
This paper presents the fundamentals for prediction of a more realistic be-
havior of planar steel frames with semi-rigid connections under dynamic 
loading. The majority of the research in this area concentrates on the non-
linear static analysis of frames with semi-rigid connections. Indeed, few 
studies have contributed to the nonlinear dynamic and vibration analyses 
of frames. Therefore, this article first describes the frames’ semi-rigid con-
nection behavior under monotonic and cyclic loads, and presents the inde-
pendent hardening technique adopted to simulate the joint behavior under 
cyclic excitation. In a finite element context, this paper presents an efficient 
numerical methodology that is proposed in algorithmic form to obtain the 
nonlinear transient response of the structural system. The paper also pre-
sents, in algorithmic form, a complete description of the adopted connec-
tion hysteretic model. Satisfying the equilibrium and compatibility condi-
tions, and assuming only the connection’s rotational deformation due to 
bending as variable, this work obtains the tangent stiffness and mass ma-
trices of the beam-column element with semi-rigid connections at the ends. 
The study concludes by verifying and validating the proposed numerical 
approach using four structural steel systems: a L-frame, a two-story frame, 
a six-story frame, and a four-bay five-story frame. The analyses show that 
the hysteresis of the semi-rigid connection has a strong effect on the 
frames’ responses and is an important source of damping during the struc-
tural vibration. 

Keywords 
Steel frames, Nonlinear transient analysis, Geometric nonlinearities, Semi-
rigid connections, Connection stiffness, Connection hysteretic behavior. 

1 INTRODUCTION 

In the structural design and construction of reticulated steel structures involving one or more floors, the 
beam-column and column-base connections play a significant role in their structural response. They also repre-
sent a significant fraction of the total cost of the structure. Thus, the characteristics of these connections are, in 
steel structures, economically and structurally significant. Therefore, the engineer must have a good understand-
ing of the connection behavior. In most cases it is advisable to use semi-rigid connections. In fact, modern stand-
ards (ABNT - NBR 8800, 2008; AISC, 2010; Eurocode 3, 2005) already include procedures to define the stiffness 
as well as strength of semi-rigid connections for computational analysis programs and prescriptions for the de-
sign engineer. 

Various studies on the static analysis of steel frames (King, 1994; Li et al., 1995; Kruger et al., 1995; Chen, 
2000; Chan and Chui, 2000; Sekulovic and Nefovska-Danilovic, 2004; Cabrero and Bayo, 2005; Ihaddoudène et al., 
2009; Valipour and Bradford, 2012) have already shown that the deformation and bending moment transmission 
capacity of the connections can significantly alter the load carrying capacity, the internal force distribution and 
global and local instability of these structures. In addition, within the civil, naval, oceanic, and aeronautical indus-
tries, more resistant materials and new design and construction techniques have led to lighter and slender struc-
tures, which are, however, usually susceptible to excessive vibration problems. Consequently, an essential part of 
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a structural design should include an analysis of their dynamic behavior under various loading conditions. Re-
search along these lines, accounting for the effect of connection flexibility, is still limited, particularly compared to 
the amount of research on static analysis. Numerical investigations into the behavior of steel structures with 
semi-rigid connections submitted to dynamic situations have been carried out by, among others, the following 
researchers: Valipour and Bradford (2012); Chan and Ho (1994); Lui and Lopes (1997); Xu and Zhang (2001); 
Sophianopoulos (2003); Silva et al. (2008); Galvão et al. (2010); Vimonsatit et al. (2012); Nguyen and Kim (2013) 
Attarnejad and Pirmoz (2014); and Aristizabal-Ochoa (2015). 

Researchers have also experimentally evaluated the cyclic responses of semi-rigid connections. Bernuzzi et 
al. (1996), Calado (2003), and Shi et al. (2007) carried out tests using specific types of connections and proposed 
mathematical models to represent the observed behavior. 

This article can be considered as an expansion of an earlier work by Galvão et al. (2010). In this context, the 
current paper evaluates, using the CS-ASA Program (Computational System for Advanced Structural Analysis; 
Silva, 2009), the nonlinear dynamic response of planar steel frame, considering geometric nonlinear effects and 
the semi-rigid characteristics of the connections between the structural elements. When the semi-rigid connec-
tions are submitted to alternating repetitive actions, they may develop an inelastic behavior that gives rise to hys-
teretic damping, which is in most cases quite beneficial. 

CS-ASA is a FEM-based computer system implemented in Fortran 90/95, originally designed for steel struc-
tures. This program can perform advanced static and dynamic numerical analysis considering sources of nonline-
arities such as second order effects and semi-rigid connections (using pseudo-springs at the finite element ends). 
Therefore, this paper brings the numerical results obtained from an alterated CS-ASA version, which allow repre-
sent the semi-rigid connection hysteretic behavior, in order to allow a better modeling of the nonlinear transient 
response of planar steel frames with flexible joints. Actually, this is an extension of the CS-ASA initial module that 
contemplated the static nonlinear analysis and some cases for dynamic nonlinear analysis and vibration (Galvão 
et al., 2010; Silva, 2009). As main contribution, in a finite element context, this paper presents an efficient numeri-
cal methodology to obtain the nonlinear transient response of structural systems with semi-rigid joints. The pa-
per also presents, in algorithm form, a complete description of the adopted connection hysteretic behavior. 

The next section, Section 2, describes the connection behavior when subjected to monotonic and cyclical 
loads, and presents the adopted technique to simulate this behavior. Section 3 details the methodology used to 
obtain the nonlinear transient response of the structural system. Section 4 presents the formulation of the finite 
element used in the structural system’s modeling. Finally, to validate the proposed analysis methodology, Section 
5 evaluates the dynamic response of four structural systems. The results demonstrate that the structural dynamic 
behavior can be greatly influenced by the effects of the semi-rigid connections and that a careful dynamic connec-
tion description and dynamic analysis is essential for a safe and yet cost-effective design. 

2 SEMI-RIGID CONNECTIONS 

As noted above, connections play a key role in the assembly, performance, and cost of a steel structure. In 
most cases, these connections cannot be modeled as perfectly rigid or ideally hinged. Rigid connections prevent 
any alteration of the angle between the interlinked elements, transferring the full moment from one extremity to 
the other. In the case of hinged connections, no moment is transmitted between the elements. These hypotheses 
simplify the analysis but fail to represent the true behavior of most structures. The experimental investigations of 
Jones et al. (1980; 1983) and Nethercot et al. (1998) demonstrated that a greater part of the connections used in 
current practices display semi-rigid behavior. This can substantially influence the overall stability of the structur-
al system as well as the distribution of the forces acting on its elements. Indeed, geometric and mechanical discon-
tinuities can, according to Colson (1991), introduce localized effects and imperfections in the connections used in 
steel structures, which interfere with the overall behavior of the structure, providing justification for a more rig-
orous investigation into these connection behavior. Such studies should take into account not only the manufac-
turing and assembly point of view but also the connections’ influence on the structural response. 

Not only the axial and shear forces but also the bending and torsion moments are transmitted through a con-
nection. For a great majority of steel structures, however, the effects of these axial and shear forces on the defor-
mation of the connection are small compared to those caused by the bending moment (Chen et al., 1996). For this 
reason, and knowing that in the analysis of planar structures the deformation caused by torsion is negligible, this 
study considers only the rotational deformation of the connection caused by bending. 

Connection behavior is generally described by moment-rotation curves, which can be obtained in three ways: 
from experimental tests, numerical simulation in finite elements, or by theoretical models. These latter are devel-
oped by applying curve-adjustment techniques to the results obtained by the numerical simulation and/or the 
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experimental tests. Díaz et al. (2011) presented the main features of different connection models, highlighting the 
advantages and disadvantages of each one. Other studies have been performed to evaluate the behavior of con-
nections under monotonic and cyclic loads, including (Ackroyd and Gerstle, 1982; Azizinamini et al., 1987; Yee 
and Melchers, 1986; Kishi and Chen, 1987a; Kishi and Chen, 1987b; Korol et al., 1990; Tsai and Popov, 1990; 
Abolmaali et al., 2003; Abolmaali et al., 2009). The following two subsections describe these behaviors as well as 
the numerical models adopted here. 

2.1 Behavior under Monotonic Loading and Mathematical Representation 

Figure 1 illustrates the typical behavior of three types of semi-rigid connections: the flush end plate, top and 

seat angle, and single web angle. In the figure the relative rotation between the interconnected elements, c , due 

to an applied moment is also shown. These connections, when submitted to bending, display a softening nonlinear 
behavior with decreasing stiffness. The moment-rotation curve is initially practically linear, but, as the load in-
creases, the nonlinearity increases. This change in behavior is influenced by the existence of stress concentration, 
geometric imperfections and discontinuities and the plastic behavior of its components. At a certain loading level, 
these factors begin to interfere in the rotational capacity of the connection. In the final loading stage, the moment-
rotation curve tends toward an asymptotical value known as the ultimate moment capacity of connection. 

 
Figure 1: Moment-rotation curves of three usual types of connections under monotonic loading. 

The most important characteristics that define the connection behavior are its initial stiffness and its ulti-

mate moment capacity (Bjorhovde et al., 1990). The connection stiffness, denoted as cS , is determined by experi-

mental tests. Mathematically, it represents the inclination of the tangent to the moment-rotation curve (Fig. 1). 
The stiffness value does not determine whether a connection will behave in a rigid or flexible manner. This behav-
ior can only be established by using a parameter that relates the connection’s stiffness to the bending stiffness 
(EI) of the element to which it is connected. Cunningham (1990) proposed, to provide a better understanding of 

the rotational behavior of the connection, a fixed factor, 1(1 3 / ( ))cEI S L , in which L represents the ele-
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ment’s length, where  varies between 0 and 1. For a perfectly hinged connection 0and for an ideally rigid 

connection, 1 , since cS . The connection stiffness can be calculated by: 

c
c

dM
S

d
 (1) 

where M  is the bending moment acting on the connection and c  is its rotational deformation. 

The moment-rotation curves can generally be written by one of the following expressions: 

( )

( )
c

c

M f

g M
 (2) 

which relate the moment to the rotation with mathematical expressions f and g, which usually depend on the 
geometry and disposition of the connecting components and the curve adjustment parameters. 

According to Chan and Chui (2000), the mathematical models should provide a smooth moment-rotation 
curve with the first derivative positive and be able to represent various types of connections. For a linear connec-
tion model only one parameter defining the joint stiffness is necessary. In this case, the moment-rotation relation-
ship is given by: 

 cini cM S  (3) 

where ciniS  represents the initial stiffness. This is the simplest model and has been widely used in the analysis of 

semi-rigid connections (Arbabi, 1982; Kawashima and Fujimoto, 1984; Chan, 1994; Lui and Chen, 1986). For large 
displacement analyses, however, it may lead to erroneous conclusions. 

Unlike the linear model, the nonlinear models simulate the stiffness degradation as the load increases. 
Among the various nonlinear models found in literature, only those employed in this study are discussed. 

The first is an exponential model (Lui and Chen, 1986; Chen and Lui, 1991), whose mathematical expression 
for the moment-rotation curve is given by: 

0
1

1 exp  
2

n
c

j p c
m

M M C R
m

 (4) 

where M  is the moment in the connection, 0M  is the initial moment, pR  is the strain-hardening stiffness of the 

connection,  is an scaling factor, and mC — 1,2,...m n  — is the curve-fitting coefficient. 

Also used here is a four-parameter model proposed by Richard and Abbott (1975). The model describes the 
connection behavior according to the relationship: 

1

0

 +

1 /

cini p c
p c

n n
cini p c

S R
M R

S R M

 (5) 

in which pR  is the strain-hardening stiffness when c tends to infinity; n  is a parameter that defines the 

sharpness of the curve, and 0M  is a reference moment. A study made by Kishi et al. (2004) demonstrated that this 

model is effective in establishing the behavior of an end plate connection. However, it can be applied to any type 
of connection. To do this, it is sufficient to either experimentally or numerically evaluate the four necessary 

parameters. From this model, three others can be obtained: linear ( p ciniR S ), bilinear (n ), and ignoring 

the effect of the strain-hardening stiffness, the three-parameter potential model presented by Kishi and Chen 
(1986). The stiffness of the connection is obtained using Eq. (1), with M  described by one of the nonlinear 
presented models. 
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2.2 Behavior under Cyclic Loading and Mathematical Representation 

When a realistic numerical simulation of a given structural system under dynamic loads is desired, it is es-
sential to consider the behavior of the connection under cyclic load. Depending on the load level and time history, 
semi-rigid connections may develop an inelastic behavior. A typical connection response is illustrated in Fig. 2. 

 
Figure 2: Connection behavior under cyclic loading. 

In Figure 2 the 0A curve describes the connection’s behavior during the initial loading process of the struc-
ture, which is compatible with the different types of connection shown in Fig. 1. The following AB and BC paths 
correspond to the unloading process characterized by a decreasing intensity of the bending moment that acts on 
the connection and the reversal of the direction of the external forcing, as shown by the arrows. The subsequent 
CD and DE paths correspond to the next unloading and loading cycles. After the first unloading stage is complete, 

only a part of the total deformation ca is recovered and the connection sustains a permanent residual defor-

mation cb . This also occurs after each of the following loading and unloading cycles. The loops resulting from the 

non-coincident moment-rotation curves characterize the connection hysteretic behavior, as shown, through cyclic 
loading tests, by Tsai and Popov (1990), Korol et al. (1990) and Abolmaali et al. (2003). 

The nonlinear behavior of the semi-rigid connections when submitted to cyclic loads can be efficiently simu-
lated by the independent hardening technique, employed previously by, among others, Ackroyd and Gerstle 
(1982), Azizinamini et al. (1987), Chen et al. (1996), Chan and Chui (2000) and Sekulovic and Nefovska-Danilovic 
(2008). An important advantage of this approach is that one can adopt any mathematical function representing 
the moment-rotation relationship under monotonic loads. 

Consider a typical trajectory under increasing load (trajectories indicated by the continuous lines in Fig. 3a) 

beginning at a point with coordinate p , the last permanent residual rotation (at 0A, the initial loading phase, 

0p ), the bending moment M  at any position along the trajectory DE can be calculated as follows: 

( )c pM f  (6) 

where f is defined in accordance with a mathematical model that describes the nonlinear moment-rotation 
behavior of the connection when submitted to a monotonic load. Thus, the connection stiffness is given by: 
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( )c c p

c
c

dM
S

d
 (7) 

The loading process between a time step t  (prior) and t t  (actual) leads to an increase in the bending 

moment, M , which has the same sign of the bending moment, M . Therefore, the loading condition is verified if
0M M . 

In the unloading process, based on experimental results, a linear moment-rotation relation with an inclina-
tion equal to the initial stiffness of the connection is considered, as illustrated by the solid lines in Figure 3b. Con-

sider, for example, the segment AB of the hysteretic cycle. The straight line starting at point ( ; )c aA M  (the end of 

the preceding loading cycle) with an inclination ciniS  is defined as: 

( )a cini ca cM M S  (8) 

where aM  is the reverse moment at which unloading starts, which can be obtained from Eq. (6) considering 

c ca . 

During the unloading process, the relation 0M M is obeyed. In some case, however, additional clarifi-
cations are necessary. Consider again Fig. 2. If the connection is being unloaded from A to B and the loading pro-
cess begins before the unloading has been completed, say at F, the moment-rotation behavior of this element will 
follow the FA trajectory until it reaches the last reverse moment encountered. At this point, the loading process 

follows the original moment-rotation curve obtained, considering the last permanent rotation p . 

 
Figure 3: Independent hardening model: loading and unloading portions. 

In computing the independent hardening model, the rotation p  should be stored after each complete un-

loading cycle. The reverse moment, aM , should also be stored every time M changes sign. In addition, the inter-

vals between the two successive time instants should be small so that these variables can be defined with ade-
quate precision. 

3 METHODOLOGY FOR NONLINEAR DYNAMIC ANALYSIS 

The equations of motion that governs the dynamic response of a structural system can be obtained using the 
virtual work principle or the virtual displacement principle. Considering the internal, inertial and dissipative forc-
es, the equilibrium at time t t , can be expressed as (Zienkiewicz and Taylor, 1991): 

t t t

T
ij ij k k k k k ek

V V V

dV d d dV d d dV d f  (9) 
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where ij  represents the Cauchy tensor in equilibrium with external excitation 
ekf ; ij represents the virtual 

Green-Lagrange deformation components corresponding to arbitrary displacements kd , which are cinematically 

compatible with the boundary conditions;  is the mass density of the material and  is the viscous damping 

coefficient. To determine the equilibrium configuration of the structure at t t , the updated Lagrangian 
referential is used. In this case, the configuration at instant t is used as the reference for analysis. 

The advantage of using the updated Lagrangian referential depends on the finite element formulation adopt-
ed (Bathe, 1996). Wong and Tin-Loi (1990) and Alves (1993) showed that the results obtained using the initial 
Lagrangian referential leads to accumulated errors if linear interpolation functions (Silveira, 1995) are adopted in 
the FE formulation due to possible rigid body motions during the incremental process. With an updated Lagrangi-
an referential, these simplified interpolation functions can be applied, as the referential is updated at every in-
crement and rigid body rotations are divided into smaller parts. 

According to the usual finite element procedures, and using Eq. (9), the following matrix equation in terms of 
the nodal displacements is obtained: 

( ) ( )i rtMU CU F U F  (10) 

where M  and C  are the mass and damping matrices, respectively; iF  is the internal force vector; U ,U and U , 

represent the displacement, velocity and acceleration vectors, of the structural system, respectively; rF  is the 

vector that defines the external excitation; and is the load intensity at a instant t. 
The stiffness matrix is a function of three variables—the nodal displacements, the internal forces of each el-

ement, and connection stiffness and must be continuously updated using an incremental-iterative solver strategy 
to capture the second-order effects (P andP ) and connection behavior. To this end, a numerical proce-
dure that combines the Newmark (Chopra, 1995) and Newton-Raphson (Burden and Faires, 2004) methods is 
adopted. The necessary computational steps are detailed in Appendix A. Notice that the connection stiffness is 
updated at the end of each iterative cycle. Appendix B summarizes, in algorithmic form, the connection hysteretic 
model implemented here and described in Section 2. 

4 THE SEMI-RIGID FINITE ELEMENT 

In most structural analysis programs springs are used to model the connections. Figure 4 shows the planar 
beam-column element, with nodal points i and j, and two springs fixed at the extremities. They permit the connec-
tions’ degree of freedom to be incorporated into the tangent stiffness of the beam-column element. Only the con-
nection’s rotational deformation due to bending is considered. 

 
Figure 4: Beam-column element with semi-rigid connections. 

Figure 5 shows a deformed configuration of the finite element, the internal forces and deformations in the 

springs, where ciS  and cjS denote the stiffness of the spring elements. The connections can be characterized by 

different moment-rotation curves (Eq. 6). The connection’s relative rotation, c , is defined as the difference be-
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tween the rotational angles of the side connected with the global node of the element, c , and the one connected 

to the beam-column element, b . Using Eq. (6) and the moment equilibrium of the spring elements, the following 

relations are obtained: 

θ

θ
ci ci ci ci

bi ci ci bi

M S S

M S S
 (11) 

θ

θ
cj cj cj cj

bj cj cj bj

M S S

M S S
 (12) 

where cM  and bM  are the bending moments acting on the spring elements and on the beam-column element, 

respectively, and the subscripts i and j refer to the element’s extremities. 
The effect induced by connection flexibility is accounted for by modifying the element stiffness matrix. Here-

in, the spring elements simulating the connection’s flexibility have null lengths and the moment-rotation equilib-
rium relation is given by: 

(3,3) (3,6)

(3,3) (3,3)

4 2 4 2 2

15 30
2 2 4 2 4

30 15

bi bi bi

bj bj bj

EI PL PL EI PL PI
M k k L AL L AL

k kM EI PL PI EI PL PL

L AL L AL

 (13) 

where E is the Young’s modulus; I and A are, respectively, the element cross section inertia and area; L is the 
element’s length; and P is the axial force. The terms of the matrix are the coefficients of a conventional beam-
column element stiffness matrix with perfectly rigid connections, determined using the nonlinear geometrical 
formulation proposed by Yang and Kuo (1994), assuming large displacements and rotations, but small 
deformations. 

Combining Eqs. (11)-(13), results in: 

θ

θ

θ

θ

(3,3) (3,6)

(6,3) (6,6)

0 0

0

0

0 0

ci cici ci

ci cibi bi

cj cjbj bj

cj cjcj cj

S SM

S S k kM

k S k SM

M S S

 (14) 

Assuming that the loads are only applied at the global nodes of the element (see Fig. 5), the internal moments 

biM  and bjM  are equal to zero, and the following moment-rotation equilibrium relations is obtained: 

θ

θ

(6,6) (3,6)

(6,3) (3,3)

0 0 01
0 0 0

cjci ci ci ci ci

cj cj cj ci cj cj

S k kM S S S

M S S k S k S
 (15) 

in which (3,3) (6,6) (6,3) (3,6)ci cjS k S k k k . 

Figures 4 and 5 show that i ciM M and j cjM M . Thus, the relationship between the shearing forces and 

the bending moments, obtained by the equilibrium force and moment, can be written in an incremental matrix 
form as follows: 

1/ 1/

1 0

1/ 1/

0 1

i

cii

cjj

j

L LQ

MM

L L MQ

M

 (16) 

with iM and jM being the incremental nodal moments, iQ and jQ being the incremental shearing forces 

in the equilibrium configuration t. 
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Figure 5: Deformed configuration and spring element degree of freedom. 

Observing Fig. 6, it is possible to establish the relations: 

1/ 1 1/ 0

1/ 0 1/ 1

i

ci i

cj j

j

v

L L

L L v
 (17) 

 
Figure 6: Nodal displacements of the semi-rigid beam-column element. 

By substituting (15) into (16), using (17), and performing all the necessary operations, the semi-rigid ele-
ment stiffness matrix is then obtained considering both the connection flexibility and the geometric nonlinear 
effects. Using these new terms in the complete 6x6 order matrix of the conventional beam-column element, the 
element stiffness matrix is finally obtained in the local coordinates system. In this formulation, the relation be-

tween the axial forces iP  and jP , and the nodal displacements suffer no alterations when considering the connec-

tion flexibility effects. The transformation of the internal force vector and the stiffness matrix to the global coor-
dinates system is carried out following the usual procedures. 
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4.1 Semi-Rigid Finite Element Mass Matrix 

The consistent mass matrix for the beam-column element is defined as (Kishi and Chen, 1986): 

T
e

tV

dVM H H  (18) 

where H is the interpolation functions matrix. 
According to Chan and Chui (2000), the transversal displacement v of the beam element can be written, in an 

incremental form, using the following matrix expression: 

2 2
1 2 2 1 1 1 2 2( ) 3 2 3 2bi i

bj j

v
v x H H L H H L H H H H

v
 (19) 

where iv and jv are the incremental vertical displacements of the nodes i and j, and bi and bj are the 

rotations of these same nodes, as shown in Fig. 6. In addition, 1 1 /H x L and 2 /H x L . 

To introduce the connection’s flexibility effect into the previous expression and thereby obtain the desired 
mass matrix, the beam-column nodal rotations are related to the rotations at the ends of the element with semi-
rigid connections as: 

1
4 2

0

2 4 0

cibi ci ci

bj cj cj
cj

EI EI
S SL L

EI EI S
S

L L

 (20) 

Substituting Eq. (17) into Eq. (20) and using Eq. (19), the function that describes the transversal displace-
ment field of a beam with semi-rigid connections is obtained, i.e.: 

*( )    
T

i i j jv x v vH  (21) 

in which, 

1

2 2
1 2 2 1

1 1 2 2

4 2
0 1 / 1 1 / 0

( )
2 4 0 1 / 0 1 / 1

3 2  0 3 2  0 

ci ci

cj
cj

EI EI
S S L LL Lv x H H L H H L

EI EI S L L
S

L L

H H H H

 (22) 

The mass matrix components influenced by the connection’s stiffness are obtained using the H* matrix, in-
stead of the H in Eq. (18). The other terms are identical to those developed for the conventional beam-column 
element with rigid connections (Silva, 2009). 

5 NUMERICAL APPLICATIONS 

In this section, we use the proposed methodology to obtain the nonlinear dynamic response of four planar 
structural steel systems: a L-frame, a two-story frame, a six-story frame, and a four-bay five-story frame. In these 
examples, viscous damping is not considered when the dissipative effect of the connection nonlinear hysteretic 
behavior on the dynamic response is evaluated. 

5.1 L-Frame 

The first problem to be analyzed is the L-shaped frame with built-in extremities illustrated in Fig. 7, where 
the relevant data is also presented. The connection between these two members is either perfectly rigid or semi-
rigid. In the semi-rigid case, an end plate connections with an initial stiffness Scini = 137.3 Nm/rad is considered. 
Kawashima and Fujimoto (1984) experimentally measured the frame’s natural frequencies considering a rigid 
beam-column connection. They also numerically determined these frequencies considering a semi-rigid connec-
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tion. In addition to these authors, Shi and Atluri (1989) and Chan and Chui (2000) used this structure to test their 
numerical formulations for dynamic analyses of plane frames applying an impact load (19.6 N) in the middle of 
the frame column. The application of a load with low value is justified by the low resistance of the semi-rigid con-
nection of the beam-column elements. Table 1 compares the present results with the natural frequencies corre-
sponding to the first two vibration modes obtained by the aforementioned authors. The results agree well with 
those found in literature. 

 
Figure 7: L-shaped frame: geometry and loading. 

To evaluate the influence of the connection’s nonlinear behavior on the dynamic response, a short-duration 
impact load P(t) with a constant intensity of 19.6 N is applied at the center of the column, as shown in Fig. 7. To 
verify the importance of the adopted semi-rigid connection’s moment-rotation function in this representation, 
two models are considered: the exponential [59] and the four-parameter model (Chen and Lui, 1991). The pa-
rameters for the exponential model, described by Eq. (4), are as follows: m=6, C1 = 1.078915, C2 = 18.148410, C3 
= 52.890917, C4 = -34.035435, C5 = -37.194613, C6 = 43.896458, α = 0.000384, Rp = 95.55031 kgfcm/rad and 
Mo = 0. For the four-parameter model (Eq. 5), in addition to the previous initial stiffness, the following values are 
used: Rp = 8.826 Nm/rad, Mo = 0.883 Nm and n = 1.7. 

 

Table 1: The two lowest natural frequencies of the L-frame (rad/s). 

Types of 
Connections 

Present 
work 

Kawashima and Fujimoto 
(1984) Shi and At-

luri (1989) 
Chan and Chui 

(2000) 
Numerical 

Experi-
mental 

Rigid 
ω1 = 15.81 ω1 = 16.30 ω1 = 15.50 ω1 = 15.87 − 
ω2 = 34.74 ω2 = 35.90 ω2 = 30.80 ω2 = 35.30 − 

Semi-rigid 
ω1 = 14.90 ω1 = 14.90 − ω1 = 14.75 ω1 = 15.22 
ω2 = 32.77 ω2 = 33.00 − ω2 = 32.06 ω2 = 33.52 

 
In the numerical analysis a constant time increment ∆t = 10-4 s is used. Figure 8a shows the initial time re-

sponse of the horizontal displacement u at the load application point considering a liner connection behavior (the 
connection stiffness Sc is constant) and compare the results with those obtained by Chan and Chui (2000) and Shi 
and Atluri (1989). The results obtained by using the connection exponential model are compared in Fig. 8b with 
those by Chan and Chui (2000) and Shi and Atluri (1989), who adopted the Ramberg-Osgood model to describe 
the connection’s nonlinear behavior. Comparing Figs. 8a and 8b, it is possible to verify the difference in responses 
when considering the semi-rigid connection with linear and nonlinear model. See that the frame response with 
the nonlinear connection model has the displacement amplitudes reduced due to the hysteretic damping provid-
ed by the joint nonlinear behavior. 
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Figure 8: L-shaped frame: geometry and loading. 

The comparison between the connection’s linear and nonlinear responses is shown in Fig. 9. The vibration 
period is practically the same in both cases, since the same initial stiffness of the connection is considered. How-
ever, the nonlinearity of the connection leads to a strong decrease in the vibration amplitude, due to energy dissi-
pation during each hysteretic cycle, as illustrated in Fig. 9b, where the connection’s moment-rotation response is 
displayed. 

To investigate the influence of the chosen mathematical model for the connection’s moment-rotation behav-
ior, the same analysis is carried out, now using the four-parameter model. Figure 10 shows, for both the exponen-
tial and potential models, the horizontal displacement at the load position and the connection’s hysteretic behav-
ior. A small difference occurs in the connection’s hysteretic behavior (Fig. 10b) but the time responses are coinci-
dent (Fig. 10a). Thus, in the present case, the connection’s description has negligible influence on the frame re-
sponse. 
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Figure 9: Dynamic behavior of the L-frame with semi-rigid connection. 

 
Figure 10: Different connection models used in the L-frame analysis. 

5.2 Two-Story Frame 

The next structure to be investigated is the single-bay, two-story frame subjected to horizontal loads applied 
at the top of each pavement, as illustrated in Fig. 11. For the beams, a W360x72 profile is adopted, and for the 
columns, a W310x143 profile. Young’s modulus is equal to 205 GPa. Two concentrated masses of 3730 kg are 
considered at the extremities of each beam and in the middle, a mass of 7460 kg. The structure is then analyzed 
considering a periodic load and a rectangular pulse, (see Fig. 11). 

 
Figure 11: Single-bay, two-story portal frame: geometry and loads. 

Extended flush end plate connections, with an initial stiffness of 34804 kNm/rad, are considered between the 
beams and the columns. Its nonlinear moment-rotation behavior is represented by the exponential model, with 
parameters: m = 6, C1 = -0.25038x10-3, C2 = 0.50736x106, C3 = -0.30396x105, C4 = 0.75338x105, C5 = -
0.82873x105, C6 = 0.33927x105, α = 0.31783x10-3, Rp = 0.96415x103 kip/rad and Mo = 0. 
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Figure 12a illustrates the time response obtained for the horizontal displacement at the top of the structure 
when submitted to a periodic load, where the present results are compared with those by Chan and Chui (2000). 
In the transient regime the displacement reaches a maximum of around ±7 cm. After approximately 6s, the struc-
ture reaches the permanent regime with an amplitude of ±5 cm, when the energy introduced into the structure 
by the external loads and the energy dissipated through the semi-rigid connections are balanced. The connec-
tion’s moment-rotation behavior during the total response is shown in Fig. 12b. 

To investigate the effect of gravitational loads and the P- δ effect on the nonlinear dynamic response, gravita-
tional static loads of 36.6 kN at the extremities and of 73.2 kN in the middle of the beam are considered. These 
loads induces an increase of the axial forces in the columns and additional bending moments, reducing the stiff-
ness of these members and, consequently, of the structural system. The analysis is performed considering a rec-
tangular pulse of 7.5 kN acting during 1s. Three types of beam-column connections are considered: rigid, linear 
semi-rigid and nonlinear semi-rigid. Figures 13a-b exhibits the time history of the horizontal displacement at the 
top of the structure respectively with and without the presence of the gravitational forces. In both cases the semi-
rigid connection leads to a strong increase in the displacements and, consequently on the stresses and strains. The 
maximum displacement for the nonlinear semi-rigid connection is more than three times than that of the frame 
with rigid connections. This underlines the importance of a detailed dynamic analysis of portal frames with semi-
rigid connections and explains the usually large vibration amplitudes of these structures. 

 
Figure 12: Transient response of the single-bay, two-story portal frame under periodic load. 

For this example, in particular, even considering the influence of the second order effects, the presence of 
gravitational forces induced a small increase in the displacements. In the rigid connections case, this influence 
was smaller. While the vibration amplitudes remained constant for the structure with rigid or linear semi-rigid 
connections, it decreased in the nonlinear semi-rigid case due to the hysteretic damping. If viscous damping was 
also considered all responses converged to the respective static response. 
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Figure 13: Transient response of the single-bay, two-story portal frame under a rectangular pulse. 

5.3 The Six-Story Vogel Frame 

Now, the influence of beam-column’s semi-rigid connections on the dynamic response of a two-bay, six-story 
steel frame, shown in Fig. 14, is investigated. The analysis of this structure with beam-column rigid connections is 
a classic problem, proposed by Vogel (1985), to calibrate inelastic formulations. The beams are subjected to uni-
formly distributed static loads with intensities of 31.7 kN/m (top floor) and 49.1 kN/m (other floors), which are 
transformed into equivalent nodal loads and added as additional masses to the self-weight of the structural mem-
bers. At the top of the columns, in each of the six pavements, concentrated lateral harmonic loads are applied hav-
ing the following intensities: F1 = 10.23 sin(ωct) kN and F2 = 20.44 sin(ωct)kN. The beams and columns’steel pro-
files are also shown in the figure. Young’s modulus is assumed to be equal to 205 GPa and an initial geometric 
imperfection of Δ0 = 1/450 for the columns is adopted. Again, three types of beam-column connections are con-
sidered: rigid, linear semi-rigid and nonlinear semi-rigid. The same semi-rigid connections used in the previous 
problem are adopted here (flush end plate). 
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Figure 14: Two-bay, six-story Vogel frame: geometry and loading. 

The fundamental natural frequency of the frame with rigid connections is 2.41 rad/s; when adopting linear 
semi-rigid connections, the value reduces to 1.66 rad/s, increasing the effect of lateral loads such as wind loads on 
the structural response. The frame with nonlinear semi-rigid connections has the same natural frequency, since 
the initial stiffness is the same as in the linear case. Figs. 15a-d illustrate the transient responses of the structure’s 
top lateral displacement for increasing values of the forcing frequency ωc. The displacements of the frame with 
nonlinear beam-column connections can be amplified or dampened, depending on the forcing frequency. For low 
forcing frequencies, see Fig. 15a (ωc = 1 rad/s), the horizontal displacement, when considering the nonlinear 
behavior of the connections (Sc variable), is rather larger than the other two cases. In Fig. 15b the forcing fre-
quency is equal to the natural frequency of the frame with linear semi-rigid connections, ωc = 1.66 rad/s, and the 
corresponding vibration amplitudes increases linearly. Therefore, it was expected that the structure with rigid 
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connections, when submitted to the action of the load whose frequency is equal to the natural frequency, it would 
show a resonant response (with vibration amplitudes increasing linearly). This was also expected for the frame 
with semi-rigid connections, however, when the frame is analyzed with semi-rigid connections with non-linear 
behavior, its amplitude of vibration also increases, but this is limited by the hysteretic damping which, as shown 
here, has a beneficial effect in the resonance region. For ωc = 2.41 rad/s, the frame with rigid connections display 
a resonant response, as illustrated in Fig. 15c. For ωc = 3.33 rad/s, Fig. 15d, outside the main resonance region, a 
sharp decrease in the vibration amplitudes are observed in all cases. Shown in Figs. 16a-b are the moment-
rotation hysteretic cycles for the beam-column connection identified inset Fig. 16b considering ωc = 1.66 rad/s 
and ωc = 2.41 rad/s, respectively. Comparing the hysteretic cycles, it is observed that the amount of energy dissi-
pated when ωc = 1.66 rad/s is greater than that for ωc = 2.41 rad/s, which is in agreement with the time respons-
es in Figs. 15b-c, highlighting the influence of the nonlinear moment-rotation behavior of the semi-rigid connec-
tions on the dynamics of steel structures. 

 
Figure 15: Transient response of the six story Vogel frame under lateral harmonic forcing. 
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Figure 16: Connection hysteretic behavior. 

5.4 Four-Bay Five-Story Frame 

This last example investigates a four-bay, five-story steel frame located in Shanghai, China, under seismic ex-
citation. The results show how semi-rigid connections can significantly alter the dynamics of steel structures un-
der base excitation to ensure adequate strength and prevent collapse. Its geometric configuration is shown in Fig. 
17a. The flush end plate beam-column connections are adopted and their behavior is represented by the Richard-
Abbott model with the parameters: Scini = 12336,86 kNm/rad, Rp = 112,97 kNm/rad, M0= 96,03 kNm and n = 1,6 
(Nguyen, 2010). Gravitational loads are also included as additional lumped masses at the beams’ nodes. The effect 
of a mesh refinement in the beams is also considered. The frame is assumed to be subjected to the first ten sec-
onds of the 1940 El Centro N-S earthquake component, shown in Fig. 17b, with a peak ground acceleration of 
0.31g. 

First, the free vibration analysis on the structure, considering the beam-column rigid connections, is per-
formed. The results are presented in Table 2 for the first two natural periods of vibration. Table 3 presents the 
results considering semi-rigid connections. In both cases an excellent agreement with the results by Nguyen 
(2010) is observed. Also, the influence of the beam discretization is negligible. Figure 18 shows the variation of 
the first five natural frequencies of the frame, parametrized by the respective value considering a rigid connec-
tion, as a function of the beam-column connections flexibility, γ. All natural frequency ratios increase with γ and 
converges to one at γ = 1. The connection flexibility has a significant influence on the variation of the natural fre-
quencies, particularly on the lowest frequencies. As the natural frequencies decrease increases the influence of 
environmental loads, whose spectral content is located usually in the low frequencies range. This fact can be very 
important for frames under seismic loads, as the lower modes may have strong influence on a building’s seismic 
response. 

The hysteretic moment-rotation behavior of the semi-rigid joints A and C (see inset in Fig. 19a), are illustrat-
ed in Fig. 19a and 19b, respectively for the frame under the El-Centro earthquake. Figure 20 shows the time re-
sponse of the horizontal displacement at the structure’s roof level. 
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Figure 17: Transient response of the single-bay, two-story portal frame under a rectangular pulse. 

 

Table 2: First two natural periods of vibration (s) for the frame with rigid connections. 

Modes 
Nguyen 

(2010) 

Present Work 

One ele-
ment 

Two ele-
ments 

Five ele-
ments 

1 1.2282 1.1818 1.1820 1.1824 
2 0.4196 0.4196 0.4201 0.4201 
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The first- and second-order elastic transient responses of the building with rigid connections are presented 
in Fig. 20a and compared with the nonlinear second order response obtained by Nguyen (2010). 

 

Table 3: First two natural periods of vibration (s) for the frame with flexible connections. 

Modes 
Nguyen 

(2010) 

Present Work 

One ele-
ment 

Two ele-
ments 

Five ele-
ments 

1 2.700 2.623 2.623 2.623 
2 0.777 0.733 0.773 0.770 

 
Figure 18: Influence of beam-column connection flexibility on natural frequencies. 

 
Figure 19: Beam-column connection hysteretic behavior. 

Figure 20b shows the transient responses for the steel frame with flexible connections, but considering only 
their linear behavior, in which case it is assumed that Sc = Scini= 12336,86 kNm/rad. Finally, Figure 20c presents 
the transient second-order response of the steel frame with flexible connections, but considering their nonlinear 
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hysteretic behavior (Richard Abbott model) and an increasing number of finite elements in the beams’ discretiza-
tion process. Again, a good agreement with the results found in (Nguyen, 2010) is observed. Comparing the re-
sults, the marked influence of the structure’s geometric nonlinearity on the dynamic response is observed. The 
consideration of the connections’ flexibility significantly amplifies the displacements (compare Figure 20a and 
Figure 20b). 

 
Figure 20: Time response of the horizontal displacement at the structure’s roof level. 
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The connections nonlinearity, Figure 20b, decreases the displacements in comparison with the linear case, 
but the results are higher than those with rigid connections. The second-order effects lead to a slight increase in 
the vibration amplitudes. Finally, the beams discretization has no detectable effect on the results. 

6 FINAL REMARKS 

This article presents the fundamentals for prediction of a more realistic behavior of frames with semi-rigid 
connections under dynamic loading. In the structural behavior evaluation, the effects of geometric nonlinearity 
and connection flexibility are considered. Different types of connections are considered and compared. Numerical 
studies are carried out for four structures with different geometries and load conditions. The obtained results are 
compared with experiments and solutions available in the literature. The coincidence or not with the results of 
others authors can be strongly influenced by the geometric nonlinear finite element formulation adopted, since 
the structures studied are slender. But Good agreement is found in all cases, confirming the efficiency of the for-
mulation and numerical solution strategy adopted herein. Thus the numerical approach proposed here can be 
efficiently used to evaluate the nonlinear transient response of planar steel structures with semi-rigid connec-
tions. 

The connections flexibility may decrease significantly the natural frequencies, increasing consequently the 
effect of environmental loads such as wind and earthquakes on the dynamic response of the structure. Thus, these 
loads may induce resonance and therefore large amplitude oscillations beyond the acceptable maximum values, 
which dramatically reduce the comfort (sea-sickness) and therefore limit the use of the building, may cause low 
cycle fatigue or even impair the safety of the structure, producing unacceptable economic losses. For example, the 
ASCE Standard (ASCE 7-05, 2006) classifies a structure as dynamically sensitive, or “flexible”, if the lowest natural 
frequency < 1 Hz. When considering the hysteretic behavior of the connection, a gradual reduction of the dis-
placement amplitudes is observed. The damping introduced by the connection’s nonlinear hysteretic behavior 
decreases the vibration amplitudes, increasing the safety of the structure. This damping is measured by the con-
nection’s capacity to dissipate energy in each cycle, which can be evaluated by calculating the enclosed area of the 
curve that relates the force acting on the connection to its deformation. Viscous damping was not considered in 
the present analysis to draw attention to the influence of the connection’s dissipative properties. Although benefi-
cial, viscous damping coefficients of slender steel frames are usually very low. The connection behavior is shown 
to have a strong influence on the results. As the spring model is used to represent the semi-rigid joint behavior, 
the number of springs depends on the number of structure connections. Thus the consideration of the true con-
nection behavior is extremely important for a realistic forecasting of the dynamic response and resistance of a 
structural steel frames. Finally, second order effects are shown to increase the vibration amplitudes, reducing the 
comfort and safety of tall building frames. 
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Appendix A 

 

Algorithm for nonlinear transient analysis 
1: Define the input data: geometric, material and loading properties of the structural system 
2: Obtain the reference nodal load vector, Fr (loading direction) 
3: 0t  
4: 

1t t  

5: Consider the displacement, velocity and acceleration vectors prescribed: 

tU , tU , and tU  
6: Select the time increment Δt 
7: Define the constants: 

0 1 2 3 4 52

1 1 1
; ; ; 1 ; 1; 2

2 2

t
a a a a a a

t tt
 

6 0 7 2 8 3 9 101a a ; a a ; a a ; a t  and a t  

where β and γ are the Newmark parameters 
8: for eachtime step do 
9: 

1t t  Previous time step 

10: 
1t t t  Previous time step 

11: Assemble the matrices: stiffness, K ; mass, M ; and damping, C  
12: Form the effective stiffness matrix: 0 1

ˆ a aK K M C  

13: Form the effective load vector: 1
2 3 4 5

ˆ t t t t t t
r ia a a aF F M U U C U U F  

14: Solve for the displacement increment vector ˆ ˆ:U K U F  
15: for k←1, maximum number of iterations do ITERATIVE PROCESS 
16: Evaluate the acceleration, velocity and displacement vectors approximations at time 

1t : 

+1 1 1
0 2 3 1 4 5 ;   and t t tk k t t k k t t k t ka a a a a aU U U U U U U U U U U  

17: Update the structure geometry (nodal coordinates) 
18: Evaluate the internal forces vector: 1t k t k

i i  F F K U  

19: 
Evaluate the gradient vector: 1 1 1 1 11t t t t tk k k k

r iR F M U C U F   

20: Solve for the residual displacement vector: 
   

11 1ˆ tk k  K U R  

21: Update the incremental displacement vector:    1 1k k k    U U U+  

22: 
if 11 1  tk k tolerance factorU U  then 

23: Exit the iterative processand go to line 26 
24: end if 
25: end for 
26: Update the acceleration, velocity and displacement vectors at time 

1t : 

           
1 1 11 1 1 1 1 1

0 2 3 1 4 5;  and +t t tk k t t k k t t k t ka a a a a a              U U U U U U U U U U U  

27: Update the internal force vector at time 
1t : 

28: Update the connections stiffness See Section 2 and Appendix B 
29: end for 
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Appendix B 

 

Algorithm for hysteretic behavior of semi-rigid connection 
1: for each finite element do 
2: Identify the nodal points with semi-rigid connection 
3: for each of these nodal points do 
4: M  actual moment in this node 
5: 

oldM moment in this node in the instant t 

6: 
oldM M M  

7: if 0oldM M  then 

8: 
p c:old

  See Figures 3 and Appendix A 

9: 0Mai  and 0aM   See Figures 3 and Appendix A 

10: endif 
11: if 0M M  then  LOADING PROCESS 

12: 
c:old c

 

13: Update
c : c c cM / S  

14: 
c c p  

15: if 1Mai  then  Unloading process incomplete 

16: if aM M  then 

17: 
c ciniS S  

18: else 
19: Define the stiffness connection

cS for 
c

  See Equations 7, and 4 or 5 

20: 0Mai  and 0aM  

21: end if 
23: else if 0Mai  then 

24: Define the stiffness connection
cS for 

c
  See Equations 7, and 4 or 5 

25: end if 
26: else if 0M M  then  UNLOADING PROCESS 

27: if 0oldM M  and 0Mai then 

28: 
ca c:old

 

29: 
aM M M  and 1Mai  

30: end if 
31: 

c:old c
 

32: Update
c : c c cM / S  

33: 
c ciniS S  

34: end if 
35: end for 
36: end for 

 


