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Abstract

We propose a reference state for finite-dimensional coherent states, which is easy to deal with
in comparison to former suggestions which we briefly review. We also advance explicit
calculations which shows that the phase of the overlap of finite coherent state has a structure
analogous to the usual infinite-dimensional continuous coherent states.

1. Introduction

The theory of coherent states has been of great importance in various branches of
physics since its earliest formulations back in the 1920s by Schrodinger [1] and later
in the 1960s by Glauber [2], Sudarshan [3] and Klauder [4]. These are the so-called
field coherent states, that we shall call continuous coherent states (CCS), for reasons
that will soon be obvious. Many generalization have been proposed since then [5-7].
They are all dynamic in nature, in the sense that the coherent states for a given
physical quantum system depend strongly on the Hamiltonian operator. More re-
cently, there has been some proposals of a “kinematic” generalization of coherent
states for finite dimensional spaces based on Schwinger’s quantum kinematics [8—11].
We shall call them “finite coherent states”. (FCS). Both the constructions have, in
common, though, the definition of a “reference state” which acted upon by a suitable
operator, generates the whole set of coherent states.

The choice of a reference state for the finite case is quite ambiguous. In the present
work we discuss this problem and propose an alternative definition which is sure to
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solve several problems. As we shall show, the present definition is both natural and
easy to deal with. In Section 2, we review very briefly the continuous formulation only
to establish notations and to compare it to the finite theory. In Section 3, we also
review the finite-space formalism based on Schwinger’s quantum kinematics. We also
discuss the problem of definition of finite coherent states as a problem of choosing
a reference state. We review some earlier choices in the literature as well, and present
our own. In Section 4, we make some explicit calculations, showing that the overlap
phase of the FCS and the CCS have a similar structure. We conclude this paper in
Section 5, where we make further suggestions. Proofs of mathematical identities used
in the text are given in the Appendices.

2. The continuous coherent states

Let [g(x)) be the continuous indexed set of position eigenkets of a single quantum
mechanical particle in one dimension and [p(x))> the set of momentum states together
with the position and momentum observables following the usual relations (eigen-
value equations):

0lq(x)) = x|q(x)) (2.1a)
and

Plp(x)> = x|p(x)>, (2.1b)

[0, P]1=il (Heisenberg relation), (2.2)

(we use & = 1 units from now on)

{q(x)|q(x)> = d(x — x’) (normalization), (2.3)
I= f dx[q(x))><{g(x)| = '( dx|p(x)><p(x)| (completeness), (24)
{g(x)|p(x)) = \/—12_?63"’"" (overlap equation). (2.5)

We use here a slightly different notation from the usual one, as can be seen above,
where the |q(x)> ket stands for a position eigenket with eigenvalue x. The same
happens for the momentum eigenket | p(x)>. It pays off, at least for two reasons: the
first is to set the CCS in a form as analogous as possible to the FCS formalism.
Another reason is that some equations can be written in a more compact and elegant
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way. For example, the Fourier transform operator may be written as

+®
F= | axip(oyaeal. 26)
We can write the transition operators in position and momentum spaces as
Ve=e4 and 0, =e", 2.7)
so that
Velgx)» =lg(x — &y and  G,lp(x)> =|px —n)). (2.8)
Egs. (2.1) and (2.8) give us the well known relation [8].
V.0, =¢e“" 0, V. (2.9)

We also define the usual non-hermitian “lowering” operator

—li(Q + P) (2.10)

72

together with its conjugate and the number operator

a=

N=a"-a, (2.11)
followed by its eigenstates {|n)}, such that

Nind =n|nd n=0,12, ... (2.12)
and

ajoy =o0. (2.13)
The “vacuum” state |0) is an eigenstate of the Fourier transform operator:

Fl0> = 0D, (2.14)
as a matter of fact it can be shown that (Appendix A)

Finy = (if'|n). (2.15)
The CCS may be defined as

|&, 1) = D[&, 710D, (2.16)
where the displacement operator is

prEnl=e"2p.0_, (2.17)

and the vaccum state is the reference state: |0, 0> = {0) for the CCS.

So, there is an infinite continuous set of coherent states in a one-to-one relation to
the points of the “classical” phase space plane. These states have many important
properties such as over-completeness, minimum uncertainty for position and
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momentum measurements and the dynamic fact that “once a coherent state, always
a coherent state” for the evolution under a harmonic oscillator Hamiltonian [7].
One particularly important relation is the overlap of two coherent states:

. o _ _gn2 o P 2
<C7’7|6:77>=e( /M- +(n rl)zle(l/Z)(érl o) (2.18)

The complex number above has a phase which is half the symplectic area defined on
a one degree-of-freedom classical phase space by the vectors

0 % 0 0
V=Et ot e d V=¢—+y5y— 1
St 0t (219
and the symplectic two-form [12]
Q=dq Adp. (2.20)

This is one of the facts, besides the minimum uncertainty relation mentioned above,
that shows a close connection between coherent states and classical mechanics.
We will be able to show in the next sections an analogous structure for the FCS.

3. Finite phase spaces and coherent states

In this section we make an option for self-containedness and review some known
results, the main references being [8,9].

Let W™ be a finite N-dimensional quantum space spanned by a basis of “position
vectors” {|u™>} k =0,1,2, ... ,N — 1 or “momentum states” {|v{")>} such that (We
use from now on the sum over repeated upper and lower indices convention.)

LS ) = [y GEM) = T™ - (completeness relation), (3.1)

Oy = FMYNS = 5% (basis orthonormality) (3.2)
and

UMDY = FA = i /\ﬁ\l = g2mikINy \/N (overlap equation). (3.3)
The F4™ are matrix elements of the finite N-dimensional Fourier transform operator:

FO = [y ). (3.4)

The set of indices takes values in the ring Zy [9] of MODN integers: k = [0]y,
[11x. . [N — 1]y so that the finite phase space is just Zyx Zy.
Translation operators U and V defined by

U™ =™ 5 and Vg™ = 4™ >, (3.5a)
U™y = vidil™> and Vv = wvi", (3.5b)
So that

pm.gr=ymgm-yr (3.6)
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which is the discrete analogue of Eq. (2.9). We can define then, the finite coherent
states as

Im, i = DIIOW), 3.7
where |0Y)) is a suitable reference state, and

DA = ymmm2M Gm . pon (3.8)

A natural choice for this state would be an eigenstate of F™ with eigenvalue one.
But, as with continuous states, this choice is not unique. It can be shown that the
F™ operator has a [(N + 4)/4] degeneracy [13] for eigenvalue one, where [x] means
“the largest integer not greater than x”.
There are at least two former suggestions we would like to discuss before introduc-
ing our own. In [14,15] the authors introduce the following operator:

AN = (P -V —i(0 - 09 (3.9)
as a finite-dimensional analogue of the lowering operator 4 and define |0V by
AM O™y =0, (3.10)

Though the 4™ operator has some very interesting properties, that we hope to
discuss deeply in a future paper), Eq, (3.10) is still ambiguous as can be seen by
considering some examples:

For N =2, A™ is the null operator, because

00 = 0@ and P = PO,
For N =4 we have a double degeneracy. The states

1 (4)

XS = (4)
x> ﬁ(luo >+ 1u3>)

and
1Y) = 3y + 11 — D> + 1157
both satisfy
AV Xy = AM|Yy =0
together with
FOIX) =1Xy  F9lY)=1Y).
In [14], the authors also suggest the eigenstates of the following hermitian operator:
AN = 2] _ L™ 4 O® 4 P | Py (3.11)

as possible candidates for a reference state. The h™ operator would be a kind of
finite-dimensional version of the oscillator Hamiltonian

H =40+ P?).



642 A.C. Lobo, M.C. Nemes  Physica A 241 (1997) 637648

Again, let us consider some examples: For N = 2 we can compute that the states

X7 = U+ /D> + 111
VA4 + 2\[ V2
and
K> = e [ I + (1 + /D]
Vé+2/2
satisfy

RYIXT) =2 £D1X5).

Thus, the A operator “lifts up” the degeneracy we had for the A operator, so we
may choose

02 = X

In the same way for N = 4, we have
R91X = 21X = /21y

and

F9lyy = — /21X + 2ly)

Thus, the reduced matrix of A in the two-dimensional subspace spanned by |X > and
1s|Y )

(L5 7%)
- \/5 2 )
By diagonalization, we find easily that the states
XD =50X> = 1)
and
YD =S50X> + 1y)
satisfy
A9IXD =2+ /21X
and
HONYy =@~ V217
In this way, we can observe again, that the A operator lifts up the degeneracy we

had for AY. These examples are encouraging, but we lack a proof for all N. We can
prove, though, that indeed AY commutes with F*™ and so they share the same
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eigenvectors. (see Appendix B) It still remains to be proved, though, that A™ is
non-degenerate for the eigenvalue-one subspace of F™,

Anyway, it is a very cumbersome procedure to follow if we are to analytically
diagonalize A*™. Another suggestion was given in [11], based on a work of Mehta
[13]: Define the following N states in the usual continuous infinite-dimensional space:

0™y = (it S h{(@)“z]w i) (3.12)
] 3 (2 | |

Mehta, in his work, proved essentially the following resuit:

FIMQ*™Sy = (()*¢@'™|S>  (no sum over s). (3.13)
We can define then a state 0™ such that

Cap ™0™ = <QI™M10)  (for all j). (3.14)

The constant Cy is determined by normalization of |0,

The reference state defined this way certainly satisfies the correct eigenvalue
equation for F™, but it is very difficult to treat analytically. In fact, its components are
given by an infinite sum of Gaussians:

+ o 2
(_n(sN'fJ‘D /2)

GMOMY = (Cy~t Y e , (3.15)
where we used here the well-known “Gaussian-like” position (or momentum) repres-
entation for the ground state of the harmonic oscillator:

{q(x)10> = <p(x)|0> = (m)~1*e ™72, (3.16)

We suggest a much simpler algorithm for the choice of a reference state that belongs to
the “eigenvalue-one” subspace of F™. For this, we follow an algebraic formalism also
introduced by Mehta. First, observe that

N-1

Py W = S e2rkUmmIN . N (3.17)
k=0

which means that

EM . prv) _ fn (3.18)
and that
A ZU LN T (3.19)

Remember that the indices are Zy-valued, so these equations are ail MOD N rela-
tions. (Thus, — k stands for N — k, for instance and the sum in (3.17) may run from
anyte Z to N + 1)

It follows that

P3O _ v
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and so
FAN — N (3.20)
The above equation implies that the eigenvalues of F™ are the fourth-roots of unity:
V;:” — eZnik/N
just as in the continuous theory. Let us define the following four operators:
B’ﬁ”’ = v XY where j,k = 0,1,2,3. (3.21)

Notice that the k-index above is a Z,, which stands both as a dummy index in the sum
and as the kth power of F™,
Using (3.17) for N = 4 makes it possible to invert Eq. (3.21):

7 j(N AHN) . Kj(4
FI® = BV ki) (3.22)
and calculate the product:
BM- BN = Ly @ v @ B fm®N - (making j + m = s)
1.4 4 4) £is(N 1.(4) fs(N NN
=1 y ) (nfvrﬁ(n)Fs( ):Zv(_;kFS( )5kn — B;( )5kn

that shows that the B are idempotent.
The above result together with Eq. (3.22) for j = 1 gives us

F™ B}N’ = BM. Bﬁ”’v"““ = BM§ ) = v;‘” g;N).
In particular,
F(N) B(N) B(N)
So, if we define
0 = 1B ||~ - BY 6™ (3.23)

as our normalized reference state it will certainly be an eigenvalue-one state of F™, Its
components in the {[u™)} basis can be easily computed. Eq. (3.21) for j = 0 gives us

B = (™) 4 P 4 pr0) 4 ), (3.24)

1B 18" 112 = ™ BE™ "> = ™ B 1G>
While
MBSy = A" + G EN gy + G EO
+ (VI FP ) = 35+ 0d).
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So,
OO = 2N + /N1 (1 + /N8,

4. The overlap of finite coherent states

Let us define N2 unitary operators as
XM = g P
Because of (3.6), these operators obey the relations below:
bUEND
and
b L)
Eq. (3.8) can be redefined as
ﬁ%) = XLN‘)qv(iv;’qﬂ'
Using (3.5) we have
X1 = v 2y -
The overlap of two coherent states is then
(g™ 15 = ORIV, RO JOM) iy 1
Because of (3.23) the reference state is
097 = [2(N + /NI~ 121y 41
with
MM =1+ /NI,
So,

g™ sy = 2N + /N AR, L OV e,

where we used Eqs. (4.2)~(4.5). Taking k = m — s we get
™y 1) gmes
P,q™r,s™y = [2N + /N)J 1AW, gm=sty® 0

(pg—rs)/2 " (r—pym-

But

N-1
AN qmm D = Y (L + NS )1+ /NG
m=0

645

(3.25)

4.1)

(4.2)

4.3)

(4.4)

4.5)

(4.6)

4.7)

= ViPy® 4 SNV PO 4N PS4 Ny 6, 8

= N, + /N 72™ 4 3720 4 Ny e ® e
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This result can be summarized as

N —s(N), (N
G0 amstym

=2(N+\/N) ifr=pandg=s
=(N+2/NV, "™ ifr#pandq=s,
=N+2/N ifr=pandq#s,
=2/Ncos[n(r — p)(s — qQ)/NIVL pys+qy2 ifr#pand q+#s,
where we made use of the identity
e + ' = 2cos[(x — p)/2]e'@ P12,
So finally,
p.qVrs™>
=1 ifr=pandg=s
=V _ 2 (N + 2/ NY2N + /N) ifr#pandg=s
=V g2 (N +2/NY2(N +/N) ifr=pandq#s
= cos[n(r — p)(s — @)/NIV{y-psy2 ifr #pand g #s. (4.8)

By inspection of all possibilities above, we can see that if the overlap is non-null, then
its phase is given by

PHASE{p,q™|r,s™> = 2n/N)(rq — ps)/2 (4.9)

in a close analogy to Eq. (2.18) for the CCS

5. Conclusions

In our view, the FCS formalism is an alternative definition of coherent states for
finite-dimensional quantum systems (like spin systems, for instance). Its kinematic
nature makes the theory more flexible than usual group-theoretical approach [7],
because it does not depend on dynamic details specifically, such as the, Hamiltonian
of the physical system.

We expect this work to help clear up some aspects of theory. In particular, to reveal
some links with classical mechanics in analogy to the continuous theory (CCS).
Eq. (3.23), (3.25) and (4.9) are the central results of this work. The two first equations
state an umabiguous and clear definition for the reference state of finite coherent
states. It has several advantages over former definitions. It can be expressed
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analytically very easily on the {|x™>} basis, making it possible to compute exact
results like that of Eq. (4.9). The other way around, Eq. (4.9) make us more confident
that our choice for the reference is appropriate.

The idea that the finite phase space has a kind of “pre-symplectic” structure is not
a new one [16], so, our results of Section 4 may be important on this respect. The 4™
operator discussed in Section 3 has very interesting properties that are similar to its
“continuous” counterpart and may be closely related (as we suspect) to the eigenvalue
structure of the finite Fourier transform [17]. We also hope that research in this route
may lead to a better understanding of the h operator.

Appendix. A

Let us prove first that
{q(x)|n)y = @ <p(x)|n). (A.1)

In fact, using that
Iy = ()™ 12 (@"Y"0>

and the well-known relations

(q(0)|Q1¥) = x{q(x)|'¥) (A2)
q)| PPy = — igq()|¥) (A3)
PP\ = x{p(x)| ¥ (A4)
(P)IQIP) = i p(x)| ¥ (A.5)

together with (2.6), (2.10) and (3.16) gives us
{g(x)n) = (1)~ '*¢q(x)|(@)"|0)
= [2(n)] ™ (x — 9" <a()10) = [2(n)] 2 (x — &'(p(x)|0)
= [2(n)]™ 2 p()I(P +1Q)"10) = (n) ™2 (p(x)|(4)"10)
=@ <p(x)in).

so,

+ w

f dx{p(x)| g(x))<{q(x) )

-

Fin>

+

@y j dx|p(x)><{qg(x)In) = (i)'|n>.

I
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Appendix. B

Let us prove first, that

FIN. ). N _ vy (B.1)
This follows from Egs. (3.1)—(3.5). In fact,

R I TR B L AR

= 4 Y] = P

In a similar way

PN pW BN _ ) (B.2)
Eq. (B.1) and (B.2) (and their adjoints) give us

P RN pe) ;,(M’ (B.3)

which is the result we wanted to prove.
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